A generalization of the Hohenberg-Kohn theorem proves the existence of a density functional for an intrinsic state, symmetry violating, out of which a physical state with good quantum numbers can be projected.
Introduction
Density functional theory [1] was initially defined for ground states. But the theory of rotational bands and/or parity vibrations, whether in atomic, molecular or nuclear physics, most often relates ground states to "intrinsic states" and, therefore, one may raise the question of a density functional theory for intrinsic states. Every nuclear physicist knows, however, that the ground state of 20 Ne is a 0 + and that its density is, thus, isotropic. The nuclear density functional must, therefore, generate spherical solutions for 20 Ne and for the some thousand other 0 + nuclear ground states, whether nuclei are intrinsically deformed or not. The same need for isotropic solutions extends to the non-local generalization of the density functional theory [2] - [3] .
Calculations providing a deformed intrinsic state as a solution for a minimum intrinsic energy cannot be labelled as the result of "the" density functional. They should rather exhibit an intrinsic Hamiltonian, distinct from the physical Hamiltonian, if such calculations are to be legitimized. Or they should be interpreted as one variety of the Hartree-Fock, Hartree-Bogoliubov, etc. variational approaches. This is implicit or even explicit in calculations with an energy density functional, implying non-localities, see for instance [4] - [7] . Energy density and matter density are, indeed, different concepts.
It turns out that the matter density which has been used for the foundation of density functional theory mainly concerns eigenstates of the laboratory Hamiltonian, in principle at least, while the energy density, used for Skyrme force calculations in nuclear physics for instance, mainly provides intrinsic states. A clear distinction should be kept between the Kohn-Sham equations [8] and Hartree(-Fock) ones. While a Hartree-Fock wave function has a physical interpretation, it is inappropriate to use the Kohn-Sham wave function for anything else than its energy and a modelization of the density. In particular, angular momentum projection from a Kohn-Sham wave function has, until now, no foundation. At best, it can only be justified by empirical successes.
This note presents a matter density functional theory for intrinsic states, not for eigenstates of the Hamiltonian. We show how the physical Hamiltonian can be reconciled with the proper definition of a density functional for an intrinsic state and how the resulting intrinsic state can be accepted as a true wave function, out of which physical symmetries can be projected. Section II describes a functional out of which a variational principle derives for an intrinsic state, and out of which a density functional for the intrinsic density is obtained. Section III gives variational equations to be solved in practice. Section IV rewrites the formalism into a slightly simpler form. Finally, Section V introduces the KohnSham aspect of this theory of intrinsic states. Section VI contains a discussion of our result.
Basic Formalism
Our Hamiltonian, non relativistic, is the usual one, with its symmetries (rotation, parity, etc.) in the laboratory. Consider N identical fermions, with coordinates and momenta r i , p i , i = 1, ..., N, and two-body interactions v ij . Set
A harmonic potential, with a small constant ε, localizes the center of mass. This avoids any center-of-mass spuriosity problem, and does not prevent H from being the sum of a one-body and a two-body operators T and V. Threebody forces ω ijk may be added, if necessary, but we reject any explicit density dependence of our interactions; Galilean invariance of the theory is required. Let φ, φ|φ = 1, be a trial state, most often violating the symmetries of H. For instance, φ may be an arbitrary Slater determinant, but we let φ be also a more general, less restricted wave function, including some amount of correlations. States ψ ∝ P φ with good quantum numbers can then be projected out of φ by a projector P, a fixed operator. In the following, we shall systematically use the properties, P 2 = P and [P, H] = 0. It may happen that φ|P |φ vanishes, but such cases usually make a domain of zero measure in the usual variational domains, where φ evolves. In any case, since H is an operator bounded from below, the functional of φ, φ|P H|φ / φ|P |φ , is bounded from below.
Embed now the system in an external, local field, U = i u(r i ). The local, real potential u is taken bounded from below, but is otherwise arbitrary. In particular, it usually breaks the symmetries of H.
Then, given u, the following functional of φ,
is bounded from below. To calculate the energy of the yrast line level with quantum numbers specified by P one can define the functional of u,
This minimization is obtained in two steps, namely, i) a minimization within a given density profile τ (r) for N fermions, then, ii) a minimization with respect to this profile. Actually, it is more rigorous [9] - [13] to use many-body density matrices B in N -body space, representing mixed as well as pure states, and yielding a density τ (r) in one-body space,
but we shall use wave-functions in the following, namely B = |φ φ|, for obvious pedagogical reasons. We shall assume that this Inf φ actually defines an absolute minimum, Min φ , reached at some solution Φ of the corresponding variational principle. Moreover, we shall assume, temporarily at least, that the solution Φ is unique. Uniqueness is not obvious, however, if only because many φ's can give the same P |φ , and, when u vanishes, this variational principle, Eq. (3), reduces to the well-known "variation after projection" [14] method for HartreeFock calculations for instance. Anyhow, if now ρ(r) denotes the matter density of Φ, then, obviously,
It is clear that δE/δu = ρ. A functional Legendre transform, with u and ρ as conjugate variables, then defines the functional,
provided that a one-to-one map, u ↔ ρ, can be proven. This obtains from the usual ad absurdum argument. Namely, with two distinct potentials u and u ′ and the respective solutions Φ and Φ ′ , it is not possible that the respective densities ρ and ρ ′ be the same. Indeed, if ρ and ρ ′ were the same, then, with
, the obvious properties,
would lead to the familiar contradiction,
It can be concluded that the minimization, with respect to ρ, of the functional, F [ρ], provides simultaneously, and paradoxically, the density of the intrinsic state and the energy of the projected state. Notice, however, that F [ρ] is not a universal functional. As it is the Legendre transform of E[u], it depends on the choice of the variational set of trial functions φ, where E[u] is evaluated. Furthermore, it obviously depends on P and is only valid for the yrast line.
Variational Equations
Let δφ be an arbitrary, infinitesimal variation of the trial function in its allowed domain. Then, at first order, one obtains the variation, δF = δφ|P H|φ φ|P |φ + δφ|U |φ − δφ|P |φ φ|P H|φ ( φ|P |φ ) 2 + φ|P H|δφ φ|P |φ + φ|U |δφ − φ|P |δφ φ|P H|φ ( φ|P |φ ) 2 .
(9) If one defines the "gradient operator",
then, obviously, δF = δφ|G|φ + φ|G|δφ . Note, incidentally, that G is Hermitian. At the minimum position Φ, the variation δF vanishes for any δφ. Replace δφ by i δφ, to see that the difference, − δφ|G|Φ + Φ|G|δφ , vanishes as well. Then, trivially, at Φ, both δφ|G|Φ and Φ|G|δφ vanish simultaneously,
In the special case of Slater determinants, let |ph ≡ c † p c h |Φ denote any particle-hole state built upon |Φ as the "reference vacuum" for quasi-particles. Here c † and c are the familiar fermionic creation and annihilation operators, respectively. Then the particle-hole matrix elements of G vanish,
As long as a solution of this stationarity condition, Eq. (12), is not reached, the matrix elements, ph|G|φ , define the direction of the gradient of F in the hyperplane tangent to the manifold of Slater determinants. A gradient descent algorithm, |δφ = −η ph |ph ph|G|φ , where η is a small step parameter, then leads to the solution. Notice, however, that the ph representation is covariant with φ. The ph basis has to be recalculated at each step. Being state dependent, G must also be recalculated at each step.
Similar theory, with a Lagrange multiplier
The slightly complicated gradient operator, Eq. (10), leads to a variational condition, Eq. (11), which combines the matrix elements of three operators, namely P H, P and U. Define the number λ = Φ|P H|Φ / Φ|P |Φ as a yet unknown Lagrange multiplier; it can be considered as an arbitrary parameter and shall be adjusted self-consistently later, when Φ is reached. Then Eq. (11) also reads,
If φ were completely unrestricted, namely if δφ were completely general, this equation, Eq. (13), would mean that Φ is an eigenstate of the operator G.
Since intrinsic states are understood to belong to restricted sets of states, we are dealing only with an "almost diagonalization". To avoid the cumbersome coefficient, Φ|P |Φ , which multiplies U, it is convenient to define the auxiliary operator,
where W = i w(r i ) is, like U, an arbitray, local, real, external field, bounded from below. It is obvious that G and H define a common solution Φ if u and w are suitably proportional to each other, w = Φ|P |Φ u. In the following, however, we set H ab initio. It is an operator bounded from below. We are interested in its ground state Ξ and assume that this ground state is unique. A connection between a solution Ξ in this section and a solution Φ in the previous section can be tested later. Define the functional,
with again the hypothesis that this Inf φ is an absolute minimum, reached at a position Ξ in the variational space, E[λ, w] = Ξ| H |Ξ . Let σ be the density of Ξ. Elementary manipulations then give,
Then, given two distinct pairs, {λ, w} and {λ ′ , w ′ }, the corresponding solutions, Ξ and Ξ ′ , and the respective energies, E ≡ E[λ, w], and
′ , to obtain the contradiction,
if Ξ and Ξ ′ had the same density σ and simultaneously generated the same average value for P.
This map of conjugate variables, {λ, w} ↔ { P , σ}, then leads to a double Legendre transform of E into a functional, D [ P , σ] = P H . Now we use shortened notations, P H and P , for Ξ|P H|Ξ and Ξ|P |Ξ , respectively.
More simply, if λ = λ ′ and one only sets w = w ′ , one proves that σ = σ ′ . This leads to a simple Legendre transform of E into a density functional C[λ, σ] = P H − λ P .
The conjugate properties of Eqs. (16) then read,
Two density functional theories then become available, with D and C, respectively:
i) The functional D must first be minimized with respect to σ only, to generate a minimal energy, D( P ), with P frozen. Then that point of the plot of D as a function of P , where the ratio, D/ P , is minimum, defines the density of the best solution Ξ and its projected energy. ii) For each λ, a minimization of C with respect to σ means that one looks for the minimum of φ|P H|φ under the constraint of a fixed φ|P |φ . Let C(λ) be that minimum. Then P is recovered as, P = −dC/dλ, and the term, λ P , is added to C, to evaluate P H . Incidentally, this amounts to a Legendre transform of C. Anyhow, λ must be adjusted to give the minimum of the ratio, P H / P . Note again that such theories depend on the variational space where φ evolves. But, in any case, one obtains simultaneously the density of Ξ, the best intrinsic state, and the energy of its projected state P | Ξ .
Kohn-Sham approach
Keeping in mind the fact that H splits into a one-body T and a two-body V, and returning to Sec. II, we see that F [ρ] is the sum of two terms,
If V can be modelized, with for instance a dominant Hartree term and small exchange and correlation subdominant terms, then an effective, local potential,
can be derived from V. Since δF/δρ = −u, one obtains,
Define as usual a Kohn-Sham Hamiltonian,
Find its ground state Ω, with its density µ(r), and define the functional,
It is trivial that
The comparison of Eqs. (21) and (24) gives the traditional justification of the Kohn-Sham method, namely Θ = T .
6 Summary, discussion and conclusion
If only because of the need for spin densities [15] in the description of polarizable systems, the problem of symmetry consevation, or restoration, in density functional theory has already received much attention in atomic and molecular physics [16] - [19] . It has been revisited here, in the spirit of the projected Hartree-Fock method with variation after projection [14] : a variational principle for the density of an intrinsic state optimizes the energy of a projected state. We have shown in Secs. II and IV that our approach allows generalizations of the Hohenberg-Kohn existence theorem. For the sake of mathematical rigor, it must be said that our generalizations of the Hohenberg-Kohn theorem use wave-functions, while constrained variations upon many-body density matrices have been shown to be necessary for rigorous existence proofs [9] - [13] of functional derivatives in density space. Nor have we even mentioned the problems of v-and N-representability, because our use of an Inf φ , see for instance Eq. (3), does not demand that trial functions and their densities relate to ground states. Nuclear physics calculations, furthermore, can most often be discretized by expansions on a large, but finite basis of, for instance, shell model orbitals and states. Simultaneously, discrete bases [20] are available for expansions of densities. With such finite, discrete bases, we believe that problems of representability and existence of functional derivatives can be set aside; one must only verify that results with partial derivatives, with respect to expansion coefficients, remain significant.
It can be stressed that the present approach is concerned with the density of an intrinsic state, not that of an eigenstate. This is a major difference with all the other density functional theories that we are aware of. We showed in Sec. IV that one way to define the intrinsic Hamiltonian amounts to a linear combination, H = −λ P +P H, of the projector on the desired quantum numbers, and the laboratory Hamiltonian multiplied by the same projector. Here, a subtle question must be raised, that of the nature of the intrinsic state. The more flexible the trial functions for this state, the better the projected state and the lower the projected energy. However, full flexibility is contradictory with uniqueness of the intrinsic state; many different φ might give the same P |φ . In other words, symmetry restoration brings correlations which, therefore, must be absent from the intrinsic state. This is why variational domains for intrinsic stetes must necessarily be narrower than the full Hilbert space.
In practice, fortunately, intrinsic states are confined to non-linear, curved [21] manifolds, such as coherent states, Slater determinants, etc. which do not make linear subspaces. The intrinsic state, therefore, is not an exact eigenstate of H. It just minimizes a related quantity, the projected energy. It must be concluded that density functional theory for an intrinsic state necessarily depends on two factors, namely, i) obviously the quantum numbers to be projected out, but also ii) the variational space retained for this intrinsic state.
